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Abstract

For a graph G, let 6443(G) = min {d(z1) + d(x2) + - -+ + d(zg43) — |[N(21) N
N(z2) NN N(zgys)| | ©1,22,- -+ ,xk13 are k + 3 independent vertices in G}. In
[5], H. Li proved that if G is a 3-connected graph of order n and 54(G) > n+3, then
G has a maximum cycle such that each component of G — C has at most one vertex.
In this paper, we extend this result as follows. Let G be a (k 4 2)-connected graph
of order n. If 6543(G) > n + k(k + 2), G has a cycle C such that each component

of G — C has at most k vertices. Moreover, the lower bound is sharp.

Keywords: cycle, neighborhood, degree sum, k-dominating

1 Introduction and Notations

All the graphs considered in this paper are undirected and simple. We use [1] for ter-
minology and notations not defined here. Let C' = cjca...cpc1 be a cycle in graph G.
We use Cc;, ¢;] to denote the sub-path c;ciy...cj, and Clej, ¢;] to denote the sub-path
cjcj_1...c;; where the indices are taken modulo p. We will consider C[c;, ¢;] and Clc;, ¢i]
both as paths and as vertex sets. Define C'(c¢;, ¢;] = Clcit1, ¢;], Cles, ¢j) = Cles, ¢j—1] and
C(ci,¢j) = Cleip, ¢j—1]. We use similar definitions for a path. We give C' a fixed orienta-
tion. For any 7, we put cj = Ciy1, C; = Ci—1, cjz = ¢;49 and ci_2 = ¢;_o. For a vertex set
ACC At ={vT|ve A}, A~ ={v |ve A}, A2 = (AT)" and A2 = (A")". For a
vertex x of G, a neighbor of x means a vertex adjacent to z, denoted by Ng(x), and the de-
gree of z is the number of neighbors of z, denoted by d(z). Let N (z) = {c; | ¢; € No(x)}
and N;2(z) = {c¢; | ¢* € No(z)}. A maximal connected subgraph of G is called a com-
ponent of G. Let R = G — C be the induced subgraph in G by V(G) — V(C). Denote by

*The work was partially supported by NNSF of China (60373012)
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R(C|es, ¢j]) the induced subgraph in G by the union of the components in G that is ad-
jacent to some vertex in C[¢;, ¢j| and R*(C|c;, ¢]) = R(Clci, ¢;]) U Cley, ¢;]. Define 6 (G)
= min {d(z,) +d(z2) + -+ +d(zg) — [N(x1) " N(z2) N - - N N(xg)| | 21,29, -+ , 7% are k
independent vertices in G} and 0 (G) = min {d(z1) + d(za2) + - - - + d(zg) | x1, T2, -+, T
are k independent vertices in G}. A graph G is called to be hamiltonian if there is a
cycle that contains all vertices of G. A cycle C' is called k-dominating if no component
of G — C has more than k vertices. Clearly, a hamiltonian cycle is a O-dominating cycle
and a 1-dominating cycle is called dominating cycle.

Various long cycle problems are interesting and important in graph theory and have

been deeply studied. Two classical results are due to Dirac and Ore respectively.

Theorem 1.1 (Dirac [3]) Let G be a graph on n > 3 vertices. If the minimum degree
§(G) = 5, G is hamiltonian.

Theorem 1.2 (Ore [8]) Let G be a graph on n > 3 wvertices. If oo(G) > n, G is

hamiltonian.

It is natural to consider sufficient conditions concerning the degree sum of more inde-
pendent vertices. Flandrin, Jung and Li [4] investigated the degree sum of three indepen-

dent vertices and obtained the following result.

Theorem 1.3 (Flandrin, Jung and Li [4]) Let G be a 2-connected graph of order n.
If 55(G) > n, G is hamiltonian.

Based on the reason that it is too difficult to obtain the sufficient conditions for a
graph to be hamiltonian by considering the degree sum of four or more independent
vertices, many authors turn into investigating the sufficient conditions for a graph to
have a dominating cycle and the relation between dominating cycle and the longest cycle
concerning the degree sum of independent vertices. In [7], Nash-Williams gave a sufficient

condition for each longest cycle of a 2-connected graph to be a dominating cycle.

Theorem 1.4 (Nash-Williams [7]) Let G be a 2-connceted graph on n vertices with

(G) > "T*Z Then every longest cycle in G is a dominating cycle.

Bondy [2] generalized this result to the degree sum of three indpendent vertices.

Theorem 1.5 (Bondy [2]) Let G be a 2-connected graph of order n > 3 with o3(G) >
n+ 2. Then each longest cycle of G is a dominating cycle.

Futher, Lu et al. [6] proved the following result.



Theorem 1.6 (Lu et al. [6]) Let G be a 3-connected graph of ordern > 13. If 04(G) >

%n + g, then each longest cycle of G is a dominating cycle.

H. Li [5] studied the degree sum of four independent vertices in 3-connected graphs

and proved:

Theorem 1.7 (Li [5]) Let G be a 3-connected graph of order n. If 64(G) > n+3, G

has a dominating mazimum cycle.

In this paper, we extend this result to the degree sum of k 4+ 3 independent vertices

and present the following result:

Theorem 1.8 Let G be a (k+2)-connected graph of order n. If 5.3(G) > n+ k(k +2),
G has a cycle C' such that each component of G — C has at most k vertices.

It can be seen that Theorem 1.3 and Theorem 1.7 are consistently with Theorem 1.8
when £ = 0 and k = 1, respectively.

Theorem 1.8 is best possible as shown by the following example (see Fig. 1). The
graph G is obtained by k + 3 complete graphs K. and k + 2 vertices vy, vo, ..., Ug1o by
adding edges between v; and each vertex in k+ 3 complete graphs Kyy1,1=1,2,....,k+2,
all of which are disjoint. We take a vertex u; (i = 1,2, ...,k + 3) from each of the k + 3
copies of Kj1. Then the k + 3 vertices uy, us, ..., ur,3 are independent and

k+3
Orss(G) = ) d(u) — | NP N (w)

i=1
= (k+3)2k+2)— (k+2)=2k>+Tk+4

(K> +5k+5)—1+k +2k=n—1+k(k+2).

However, for each cycle C' in G, there exists a component with k + 1 vertices in G — C.

Figure 1.

The proof of Theorem 1.8 will be given in the next section.



2 Proof of Theorem 1.8

Suppose, to the contrary, that for each cycle C of G, there exists at least one component
H of G — C with |H| > k + 1. We choose a cycle C such that:

(a) the number of component H* in G — C with |H*| > k + 1 is as small as possible.

(b) subject to (a), the component H in G — C with |H| > k+1 is as small as possible.

We give C' a fixed orientation. Since G is (k + 2)-connected, H contains a vertex x
that has (> k + 2) paths Py[zo, v1], P2[zo, Vo], ..., Pi[xo, v¢] from zg to C having only z, in
common. For any 4, let V(P;) NV(C) = {v;}, and vy, va, ..., v; occur in this order along
C' with the chosen orientation. Denote C; = C(v;,v41], @ = 1,2,...,t. A vertex u of a
segment C; is said to be insertible, if there is an edge xy C E(C(viy1,v;)) such that ux
and uy belong to F(G). By the choice of C, for each i € {1,2,...,k + 2}, let x; be the
first non-insertible vertex in C; and denote F; = C(z;,viy1], ¢ = 1,2, ...,k + 2, where the
indices are taken modulo t.

Remark 1. [5] xo, 21, ..., T2 are independent vertices.
Remark 2. 5] R* (N~ (2;)) " N(z;) =0,1<i<j<k+2.
Remark 3. [5] N(z;) N (Ui_, Pi(xo,v5)) = 0,0 =1,2,...,k +2.
Remark 4. [5] N(z;) N (U;5C(vj,2;)) =0, 4,5 = 1,2, ...,k + 2.

Thus Zle do, () < |Clvy,o5)|, 7 = 1,2,...,k + 2. For each segment Fj, we
use Pr, [z, y¥] to denote the kth path, that is, internally disjoint from C, from z; to Fj,
i,j €{1,2,...k+2}. Let R*(F;(y2,y2)) (¢ < p) be a segment such that (y7)~" =y,
h > 2 and R*( Sy ym) N (U N(2;)) = 0. We have the following claim.

Claim 1. [R*(F;(y7". )| > k+1, ¥p,q € {1,2,....k +2}.

Proof. We take a cycle C" = zo P, (20, v,)vuC(vy, Yyt Pr, (Y2, 2)24C (2q, Y )y Pr, (Y27, @)
2pC(xp, Vg)Ve Py(vy, o)zo. By inserting the vertices of C(vy,x,) and C(v,,x,) into the
corresponding inserting segments, we get a cycle with H "= H — {zo}. By the choice of

T

Suppose that R*(F; (y;;, yfl)) (¢ < p,i < j) is another different segment such that (yfl)_ =
yp, v > 2 and R*(Fi(yf,yh) 0 (UZEN (23)) = 0. I R*(Fi(yf, b)) 0 R*(Fy(yp',w3)) # 0,
there are paths from F;(y%, yq) to F(y7", y7) internally disjoint from F;(yp, yfl)UFj (v vy)-
We choose the last path zPz’, in the sense that R*(Fj(z,y})) N R*(F;(y2, ")) = 0, where
z € Fi(yk,y!) and 2 e Fj(y;”,yq) Take cycle C' = 2P, (0, v,)v,C (v, ) Tp Py (T, Y5 )y
Clym, yb Yyl Pr, (4}, 2)24C (x4, 2)2Pz O (2, v,)v, P, (v, 29)To(see the bold lines in Fig. 2).

By inserting the vertices of C(v,, z,) and C(v,,x,) into the corresponding inserting seg-
ments, we get a new cycle with H = H — {xo}. By the choice of C, |R*(Fi(z,y}))| >
k+1 or |[R*(Fj(y,, 2 2))| > k4 1. Assume that |R*(F iyt 2 2))| > k4 1. Redefine
RCF () = B (Fy (w2 2)). Then R*(F(yf 1)) 1 B (Fy (5", ) = 0 and cach has
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at least k + 1 vertices.

Figure 2.

Now, we consider the relation between R*(F}(y,,y,)) and other segment that is made
by a pair different from z,, and x,. Without cause of confusion, we breviate R*(F;(y,, y,)) =
L} Vpge{l,2,.. k+2}.

Let L?mn and L?m be two different intersecting segments. Without loss of general-
ity, assume that x, # x,,x,. Since they are the segments in Fj, either C(y,,y,) N
{Zns Tm, g, 20t = 0 or C(Yg, Ym) N {Zn, Tm, T4, x,} = 0. By symmetry, assume that
C(Yns Yp) N {Zns Ty Tgy 2p} = 0. As L N LY # 0, similarly as above, we choose the
last path 2Pz from Fj(ym, Yn) t0 Fj(yp, yg), where 2 € Fj(ym, yn) and 2 € Fj(y,, y,). Take
C" = 20 P (w0, V)0 C (Un, ) 2 Pr, (T, Yp) YpC (Yps Y )Yn Pr, Yy ) 20 C (T, 2)2PZ C (2, vp)
v, P, (v, To)zo(see the bold lines in Fig. 3). By inserting the vertices of C(v,,z,) and
C(vp, xp) into the corresponding inserting segments, we get a new cycle with H "= H -
{zo}. By the choice of C, |R*(Fj(2,y,))| > k + 1 or |[R*(F;(y,,2))] > k + 1. Assume
that |R*(Fj(yp,2))| > k4 1. Define L} = R*(Fj(yp,2)) and L} = LY  Vm,n €
{1,2,....,k+ 2} and {m,n} # {p,q}. By repeating this process, we obtain a sequence of
segments L) C L; C..CLj suchthat L} NL; =0, 9p,qgmmne{l,2. . k+2}
and L} | >k+1.

Figure 3.

Let L! ~ and L;pq (1 < j) be two intersecting segments. By symmetry, we only
consider the case that |C(Yn, Yp) N {Tn, T, Tg Tp}| < 2. IE C(Yn, Yp) Ty Ty T4, 2} = 0,
we can get two non-intersecting segments similarly as above and each has at least k& + 1
vertices. So assume that C(yn,yp) N {Zn, Tm, xg, x,} # 0. Without loss of generality,
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assume that x,, € C(yy,,y,). Similarly, we choose the last path zPz from Fj(ym,yn)
to Fj(yp, yq), where 2 € Fy(ypm,yn) and 2 € Fi(yp,yq). If 2 & C(yn,yp), take C' =
o P (20, )0 C (Vs p) 2 Pr, (2p, YUp)UpC (Ups Yn)Yn Pr, (Yns ©n)2nC (@00, 2)2P2 C (2, 0 )0, By
(v, o) (see the bold lines in Fig. 4 (a)). Ifx,, € C(yn, yp), take C" = 2P, (20, vy )v,C (vn,
Yn)Yn P, (Yny ©0) 20 C (T, Yp)Yp Pry (Yps )25 C (T, 2)2P2 C (2, 0p) 0, Pp(vp, 20 ) g (see the bold
lines in Fig. 4 (b)). By inserting the vertices of C(v,,x,) and C(v,,z,) into the corre-
sponding inserting segments, we get a new cycle with H = H — {z¢}. By the choice
of C, |R*(Fy(2,y,))| > k +1 or |R*(Fj(y,, 2))| > k + 1 holds. Without loss of general-
ity, suppose that |R*(Fj(y,, 2'))| > k + 1. Define Li*! = R*(Fj(y,,2")), L/} = LI |
Vm,n € {1,2,..,k + 2} and {m,n} # {p,q}. By contlnumg this process, for each
j € {1,2,....,k + 2}, we obtain a sequence of segments L} C L;:ql C..CL; and
L; nL; =0,%p,qm,ne€{1,2,... k+2}

Tmn

Figure 4.

Forany ¢t > r > k+2, let w, be the first vertex in C'(v,, v,41] such that | R*(C(v,, w,))| >
k4 1.

Suppose that there exists a segment L3 NR*(C(v,, w,)) # 0. Let 2Pz be the last path
from C(v,, w,) to F;(yp, yq), in the sense that R*(F;(2,y,))NR*(C(v,,w,)) = 0. Take C" =
10 P, (0,v4)v,C (v, )sz’C(z Tq)2qPr, (24, Yq)YeC (Yq, V1 )0r- Pr (v, 20) w0 (see the bold lines
of Fig. 5 (a)). Let 2P’z be the first path from C(v,,w,) to Fj(yp,y,), in the sense that
R*(C(vy,w,)) N R*(Fy(yp, 2)) = 0, where 2" € Fj(yp,y,) and z € C(v,,w,). Take C" =
20 Py(o, ) v, C(vp, 2)2' P 2C (2, Yp)Yp Pr, (Yp, ) 2pC(2p, 0 )0, Py (0r, T9) 20 (see the bold lines
of Fig. 5 (b)). By inserting the vertices of C(v,, xq) or C(vp, xp) into the corresponding
inserting segments, we get a new cycle with H = — {zo}. By the choice of w,,
|R*(C(vy, 2))| < k and then |R*(Fj(z',y,))| > k+1, or |R*( 2(Yp, 2 )| > k + 1. Without
loss of generality, assume that |R*(F};(y,, z'))| > k + 1. Define Lj.:;l = R*(Fj(y,, 7). For
each i € {1,2,....,k+2} and {m,n} # {p,q}, Li"' =

tmn 7'77L7L

Finally, we obtain a sequence of segments L?pq C..C L§pq C..C L;?pq C..CLh

Jpa’

By the above arguments, for each i # j € {1,2,....,k+2} and p,q,m,n € {1,2, ...k + 2},
the following claim holds.



Figure 5.

Claim 2. (1) \L;‘pq| >k+1,
(29It AL =0,
(3) LZ?L’!L A L?pq = (b’

(4) L' AR (Clvr,w,)) =0, 1>k +2.

Lemma 2.1 [5] (1) There is no path between xo and a vertezx in L;-‘pq with all internal
vertices in G — C' — Pj[zg,v;), for any p,q € {1,2,...,k+2} and j =1,2,....t,

(2) R*(C(vy,w,)) N N(x;) =0, for 1<i<k+2,r>k+2 and

(8) R*(C(vp,w,)) N R*(C(vy,w,)) =0 withr # v, rr > k+ 2.

For each j € {1,2,....,k + 2}, define L = Upgepioa,.., k+2}L?pq and L; = L;\FJ Then
either L7 = () or [L}| > k + 1. Now, for each j € {1,2,...,k + 2}, we regard the segment

F; as a path P = v;vs...v, and compute the degree sum of x1, s, ..., 12 in P U L;.

Lemma 2.2 Let G be a simple graph, P = v1v3...v, a path in G and x1, 29, ..., Tpyo are
k + 2 wvertices in V(G) — V(P) such that Np(x;) N Np(z;) =0, 1 <i<j<k+2, and
Np(x;)) " Np(x;)) =0,1<i<k+2. Then

§d @) < |PUL;| + k+1,v, € NV 2Np(a;),
PUL; Ti) >
i=1 - |PULj| +k, vp & N Np(i).

1=

Proof. If L} = (), then for each pair z; and x; with i < j, Np*(z;) N Np(x;) =0, s > 1.
The result holds. So assume that [L;| > k + 1. We prove the Lemma by induction on
|[P|. If |P| = 1,2, the result is trivial. If |P| = 3, L} = R*(vp). Since |Li| > k + 1,
|PUL;j| > k+3. Then



k+2 k+2
k+2,v, €N Np(x;
dpor. (1) < k+2+ Pl e
Z PUL]( ) = {k+1vp¢ﬂf+12Np z;),

k+2
k, v, & N ),

{ IPULj| +k+ 1,0, € N 2Np (),

(z:)

(i)

_ k+3+{k+1vp€ﬁk+2 p(x;),
Np(z;)

(

|PULj|+k, v, & NEE2Ng(

;).

Now assume the result holds for path |P’| < |P|. Suppose that z, and x, (¢ < p)
is the first pair such that Np*(z,) = Np(z,), s > 2, and N7 (z,) N (UF2Np(z;)) = 0,
1 <j <s—1. Denote Np(z,) = yp, Np(2q) = y4. Take Py = Plv1,y,|, P» = Ply,y;]
and Py = Ply,,v,|. Then P, U le- =P, PLU L? = L?pq and P U L? =PRUL; - L;qu. By
claim 2, \L?m| > k 4 1. By induction hypothesis, it holds that

k2
deluL;(l"i) <|PULH| +k+1
i=1

and

%d () < |PyU L+ k + 1,0, € NEF2Np(2:),
Ll IPULY +k, v, & NE2Np(xy).

Then

k+2

PUL3 k 1 mk-i-QN ;
ZdPULj(xi) < ‘PlUL;H—k+1+{ [P UL +k+10,€ p(7;),

|PyULE| +k, v, & NZENp(z:),

k+1,v, € NEENp(z;),

< |PULH+|PULY+|PU LY+
= ‘ 1 j‘ ‘ 2 j‘ ‘ 3 j| k’, ,Upgmk—lﬁ (xz)

 JIPULj +k+ 1,0, € NP Np(2y),
[PULj|+k, v, ¢ NZENp ().

The result holds. O

For any distinguish vertices yo, y1, ..., yp, we define p(yoly1, ..., yp) = Lif yo € M_; N (v;)
and ©(yoly1, .-, yp) = 0 if yo & N_; N(y;). For 1 <i <k + 2, by Lemma 2.2, we have

k42
ZdC(vi,vm}ULi (z;) < |C(vi, ;)| + |C@i, viga] U Li| + k 4+ p(viga|T1, .., Tigo)

= [Cvi, vip1] U Li| + k = 1+ p(via|21, ..., Thya).



For i > k + 2, by Lemma 2.2 again, we have

k42

Z dC(Ui7vi+1}ULi($j) < |C(wi> 'Ui-l-l) U Lz| +k+ ¢(Ui+l|xl> e xk+2)'
j=1

By the definition of x;(i = 1,2,...,k + 2), L; and Lemma 2.1, x, s, ..., Tx12 have
no neighbor in H U (U] —p+3 B(vj,w;)) and any pair of x1, 2, ..., Tr42 have no common
neighbor in G — C' U (UJ._, L;). Hence

k+2
Y da—cuyr, oo(@) <G = 0] - |UL | —H| -] U R(vi, wi)|
i=1 1=k+3
Thus
k+2
> d()
i=0
k+2
< [H[-1+t+ Z(|C('Uiavi+l] UL +k—1+@ip|2r, ..., Tpr2))

i=1
t

+ Z (IC(wi, vig1) U L + k + @(vilz1, ... 2p12)) + |G| = [H]| = |C

1= k+3
—ZlLi— Z [R(C (v, i)
i=k+3
k+2 t
= n—1+t+> ([Clnvimll +k=1)+ > (1C(ws, vi1)| + k)
i=1 i=k+3
- Z |R 'UZ,U]Z |_ |C|+ZSO U2|$07$1a" 7$k+2)
i=k+3 i=1
= n—1+t+k+2)(Ek—-1)+klt—k—2) Z |R*(C(vi, wy))| + | NE*2 N ()]

1=k+3
n—14+t+k+2)(k—1)+klt—k—2)—(k+1)(t—k—2)+ |0 N(x,)|
= n—1+k(k+2)+]|N2 N(zy).
That is, dx43(G) < n — 1+ k(k + 2). This contradiction concludes the proof of Theorem
1.8. O
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